Int. J. Quantum Inform. 2022.20. Downloaded from www.worldscientific.com

by FUNDACAO UNIVERSIDADE FEDERAL DO ABC on 03/10/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

World Scientific

Vol. 20, No. 1 (2022) 2150033 (14 pages) norc Sclentite

© World Scientific Publishing Company
DOI: 10.1142/50219749921500337

International Journal of Quantum Information \\’

Quantum protocols at presence of nonabelian superselection rules
in the framework of algebraic model

A. S. Sitdikov** and A. S. Nikitin*
*Kazan State Power Engineering University, Kazan, Russia

"Kazan (Volga region) Federal University, Kazan, Russia
*airat_vm@rambler.ru

Received 28 May 2021
Accepted 11 October 2021
Published 29 December 2021

In this paper, we study the influence of nonabelian superselection rules on the transfer of
quantum information with the help of qubits on the base of an algebraic model and formulate
quantum protocols. We pay the main attention to the superselection structure of the algebra
of observables O defined by the Cuntz algebra O, (a field algebra) that contains O as
a pointwise fixed subalgebra with respect to the action of the gauge group G. We prove that it
is possible to code information only with the help of states such that projectors on them belong
to the algebra of observables. These projectors commute with the elements of the representation
of the group G, and therefore allow the recipient to restore the obtained information.

Keywords: Quantum information; Cuntz algebra; superselection rules.

1. Introduction

In recent time, due to the progress of experimental technology, the practical
implementation of quantum communication, i.e. the transfer of information encoded
with the help of quantum states of elementary particles, moves to a new level of
development.'™

As appeared, the superselection phenomenon plays an important role in studying
the quantum information transfer.®® In nature, there can take place only coherent
superpositions of states that correspond to one and the same eigenvalue of the charge
superselection operator, while superselection rules® prohibit the occurrence of su-
perposition states that correspond to its distinct values. Any superpositions of pure
states in different sectors lead to mixed states described by the density matrix.

In Ref. 7, we propose an algebraic model for studying few-nucleon systems with
nonabelian superselection rules. The goal of this paper consists in the application of
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this model for describing the quantum information transfer with the help of nucleons
at the presence of nonabelian isospin superselection rules.

2. Preliminary Information
2.1. Superselection sectors
2.1.1. Preliminary concepts of superselection sectors

The existence of “superselection rules” was first mentioned in Ref. 6. Ibid, Wick et al.
give its mathematical statement, which consists in the existence of orthogonal sub-
spaces H; of the full space of states H: H = &H,;. It is assumed that probabilities of
transitions between different orthogonal subspaces under the action of operators of
observables equal zero, while superpositions of vectors from different such subspaces form
mixed states. Correspondingly, (coherent) superpositions of vectors in given H,; correspond
to pure states; for this reason, subspaces H,; are called coherent superselection sectors.
The necessary condition for the representability of # as the direct sum of coherent
subspaces is the existence of the so-called superselection operator & that commutes
with operators of all observables without exception (including the Hamiltonian of the
system). The commutativity with the Hamiltonian also implies that the super-
selection operator defines some absolutely conserved quantity; it is called a super-
selection charge. The superselection operator G defines a certain superselection rule,
while coherent superselection sectors represent its proper subspaces indexed by its
eigenvalues. The superselection operator is representable as the linear combination

6 = XL, (1)

where II, are projectors on coherent subspaces H;, while y; are certain real values.®
Note also that & belongs to the center of the algebra of observables Z(A). If the
algebra of observables of a physical system is defined with the help of an abstract
C*-algebra A,” then, owing to the operator G, representations of this algebra m(A) in
subspaces H,; are factorial of type I and pairwise disjoint.'” In other words, repre-
sentations of 7(.A) in subspaces H; are irreducible and unitarily equivalent. There-
fore, superselection rules prohibit any transfer from some superselection sector to
some other one, ie. <1y|m(A)[p; >=0, where 1, € H;, ¥; € H;, ©(A) € m(A),
A € A. Therefore, operators of observables on the whole space H act reducibly.

2.1.2. The Doplicher—Roberts duality

Though superselection rules began to be taken into account in Physics of Particles
immediately after the publication of Ref. 6 that was mentioned above, the algebraic
statement of the quantum field theory'' '° has given them a special status. Therefore,
these rules have become one of the main tools of any theory of elementary particles.
But nevertheless, the role of superselection rules in establishing the connection
between the field algebra and the algebra of local observables was still not fully
understood. A decisive role here was played by Refs. 13—15 whose authors have stated
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the Doplicher—Roberts duality theorem. From the mathematical point of view, this
duality is a generalization of the Tannaka—Krein duality principle for compact
nonabelian groups G.'° The essence of the generalization consists in the fact that any
abstract symmetric tensor category allows a (functorial) embedding in the category
of Hilbert spaces. Here the symmetry plays a decisive role because if a category
possesses the symmetry, then the embedding functor exists automatically; this fact
was proved by Doplicher and Roberts.'*

From the physical point of view, the duality is connected with the existence of the
gauge groups that reflects the properties of symmetry of the system under trans-
formations of internal variables. If we restrict ourselves to describing a system on the
base of a field algebra,'® then the group G of gauge transforms generates the group of
automorphisms of the field algebra aut(§) and, consequently, we get the C*-dynamic
system (§,G, ). Here, § is a field C*-algebra, a : g — «, € aut(g¥), g € G. Then we
can define the algebra of observables A as the invariant part of the field algebra with
respect to the action of the gauge group.

If instead of the group G we proceed from the dual object, i.e. the category of its
representations, then we come to the notion of the superselection structure (the
totality of superselection sectors) of the considered physical system and to dynamical
superselection rules connected with internal symmetries. In the case of the abelian
group G = U(1), its representation group (the dual group, i.e. the group of characters
X(@)) is isomorphic to the additive group Z and corresponds to the superselection
structure of additive abelian charges (electric, lepton and baryonic charges). In the
abelian case, the duality is also called the Pontryagin duality.

The dual object of the nonabelian compact group G is the tensor symmetric
category of representations rep(G). Moreover, in Ref. 15, Doplicher and Roberts
prove the isomorphism of this category with the category of representations of the
algebra of observables rep(A) (provided that representations satisfy the so-called
Doplicher-Haag—Roberts selection criterion, which among all possible observables
selects only those that are of physical interest) that describes the superselection
structure of a quantum physical system. Any representation that satisfies this
selection criterion is unitarily equivalent to the representation of A in the vacuum
Hilbert space H, and takes the form m = 7y o p, where p is a localized endomorphism
of the algebra A.%° According to Ref. 14 such endomorphisms of the algebra of
observables also form the tensor C*-category end(A) which is isomorphic to cate-
gories rep(A) and rep(G). Therefore, in studying nonabelian superselection rules,
most important is studying endomorphisms of the algebra of observables, rather than
its automorphisms.

2.1.3. The Cuntz algebra

Note also that the base of this duality is the structure of a certain C*-algebra O,),
which is called the Doplicher—Roberts algebra (functorially) associated with the
object p of the tensor symmetric C*-category.*
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In this paper, we restrict ourselves to considering the case of the strict symmetric
tensor C'*-category of finite-dimensional continuous unitary representations of the
compact Lie group (G = SU(2)) generated by tensor degrees of the fundamental
representation m;/, (here the subscript 1/2 indicates the value of the isotopic spin
which we regard as a qubit). In this case, the base of the duality is the Cuntz
C*-algebra O,;'" generated by isometric operators v; (i = 1,2, ...,d) such that

Vi =61 (2)

and

d
> =1, (3)

where [ is the unit of the Cuntz algebra.

The linear span of these isometries forms the so-called canonical Hilbert space.
The scalar product in such a complex Hilbert space H of dimension dim d > 2 with an
orthonormal basis {t;},_ 4 obeys the formula

PP = (), Y e (4)

In the Cuntz algebra, we can consider Hilbert subspaces of the indicated type,
where products of their intertwining operators are scalar operators.'>'” One can
identify the tensor product of such subspaces with the elementwise product of these
subspaces in the Cuntz algebra. Therefore, the category of finite-dimensional Hilbert
spaces is equivalent to the category of finite-dimensional Hilbert subspaces of the
Cuntz algebra.

2.2. The quantum bit and quantum information

The classical information bit corresponds to one digit in the binary code that takes on
only one of mutually exclusive values (“0” or “1”, “No” or “Yes”, etc.) As for the
quantum information, its unit is a quantum bit, or a qubit, for short; it represents a
two-level quantum system and is described by a two-dimensional Hilbert state space.
In other words, a qubit represents the superposition of two orthogonal states (the
superposition of states of a two-level system)

w3 (2

In quantum mechanics, the measured qubit state takes on this or that possible
value with the corresponding probability. Therefore, a two-level system can carry one
bit of classical information.

See, for example, Refs. 18 and 19 for more detail. Indeed, despite the infinite
number of possible qubit states, only two are available for recognition (in the case of
choosing orthogonal states as encoded). Therefore, a two-level system can carry no
more than one bit of classical information and N qubits cannot be used to transfer
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more than N bits of information. This result follows from the boundary estimate
of Holevo.?”

The Hilbert space of states of two qubits is four-dimensional, its basis is the tensor
product of bases of separate qubits.

In Sec. 4, we consider the quantum information transfer subject to nonabelian
dynamical superselection rules (associated with intrinsic symmetries) and see that
the latter impose certain constraints. But we also note, however, that in quantum
information theory, the kinematical superselection rules associated with space-time
symmetries also impose restrictions. For example, for the case of pure fermionic
systems with different numbers of quasiparticles, the restrictions imposed by the
kinematical superselection rules on parity were studied in the work of Amosov and
Filippov.2!

3. The Algebraic Model
3.1. Background

Since one usually studies the behavior of a certain physical quantum system on the
base of measurement procedures, it makes sense to describe this quantum system on
the base of the algebra of physical observables A. Then the analysis of measurement
results is reduced to the summation and multiplication of operators that correspond
to the observed values. This naturally leads to internal associative composition rules
with semigroup properties. Moreover, according to results obtained in Refs. 13
and 15, the algebra of such observables can be consistently embedded in another
algebra, namely, the extended one obtained by means of the cross product A x 7,
where 7 is a complete subcategory 7 C end(A).* The mentioned cross product
corresponds to the field algebra §. Its construction actually justifies the possibility of
obtaining the dynamical system (§,G,«) from a given abstract category of endo-
morphisms in the sense that this abstract category is the dual object of the compact
group G instead of the concrete category rep(G). Without going into detail (see, if
necessary, Refs. 13 and 15), note that the group of automorphisms in the C*-algebra
A x T constructed in the mentioned way is the group G, while A x 7 contains
the C*-algebra A as its pointwise fixed subalgebra with respect to the action of this

group.

3.2. Modeling by using isometries

If we restrict ourselves to studying the subcategory 7, C 7 generated by tensor
degrees of one endomorphism p, provided that morphisms of this subcategory gen-
erate the C*-algebra A, then (see Ref. 13) A x 7, represents nothing else but the
Cuntz algebra O,, where d is the dimension of the endomorphism p generated by the

2 A certain part of the material in this section is connected with notions and denotations introduced in
Sec. 2.1, therefore we use them without references.
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fundamental multiplet (isometries) ; (i =1,2,...,d) satisfying correlations (2)
and (3). Therefore, in this case, instead of intertwining operators (morphisms in the
category of endomorphisms), we can consider maps between Hilbert spaces formed by
these isometries and describe sectors with the help of decompositions of degrees of
the canonical Hilbert space (see below), where there act irreducible representations
of the group SU(d).”

In this paper, we study the quantum information transfer with the help of
particles with the isospin of T'= 1/2, therefore we restrict ourselves to considering
the nonabelian gauge group G = SU(2) of isotopic rotations. As an orthonormal
basis of the Hilbert space H,/,, where the fundamental representation 7, of the
group G = SU(2) takes place, we choose the multiplet 1;(i = 1,2) that satisfies
correlations (2)—(3). In what follows, when this leads to no misunderstanding, for
simplicity, we omit the index 1/2 and just write H and 7. Such a multiplet generates
the *-algebra °0,, whose completion with respect to the C'*-norm forms the Cuntz
algebra O,. Its subalgebra Og_gy(2), which remains pointwise fixed with respect to
the action of the group SU(2), is associated with the algebra of observables.

As is proved in Refs. 13 and 17, generators of this algebra with arbitrary d are
operators

W) = 3 W (5)
i igoin
where p,, € P,, and
1
S=— sign . . 6
NG zgl;d en(p)Ypn) - - - Up(ay (6)

Here, P, is a symmetric group, P; C P,, (for brevity, hereinafter we omit symbols of
the tensor product in ¢; ® ¢; and mainly use these denotations).

Superselection sectors are labeled here by isospin quantum numbers T =

0; %; 1; %; ... and each such subspace (sector) Hr is indexed with the help of a fixed
value of the isospin T which is characterized by various values of its projections T,
whose number (it equals 27" + 1) defines the dimension of the sector. The linear span
formed by isometries v, 9;, ...1; forms the rth tensor degree of the d-dimensional
space Hp : Hr @ -+ @ Hp; we denote it as H". Tensor degrees n" of the represen-
\___.ﬁr,___/

tation 7 act as unitary operators in H". This representation is reducible; it decom-
poses in the direct sum of irreducible representations (superselection sectors) that act
on proper coherent subspaces of the Hilbert space H".

Linear maps H® — H"'= (H*,H") between tensor degrees form a linear span of
combinations in the form

Viy oy € (RO, (7)

bIn this case, the duality is described in terms of Lie groups.
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Spaces of G-invariant intertwining operators (%", H*)gy(4—2) generate an algebra of
observables, i.e. a pointwise fixed subalgebra of the Cuntz algebra whose generators
are operators in form (5) and (6).

In the case when d = 2, formula (6) implies that

S:%(%%—%%)» (8)

and SS* represents a projector on the completely antisymmetric subspace in
the tensor product H"™=2 = H ® H. Here coherent proper subspaces are the one-
dimensional space H, and the three-dimensional one H;,

H2 =Hy D H,. (9)

Bases of these spaces are obtained by representing the tensor v;1;(i, j = 1,2) as the
sum of the antisymmetric and symmetric tensors, correspondingly:©

Yoo = %(%% —yiy) (10)
and

1
V2

Respectively, the representation matrix decomposes in the direct sum of the trivial

Y11 = Prfr, Yo = (V11hy +Paty), g = Yoihs. (11)

(T =0) and vector (T = 1) representations 72> = 7 @ ™ = m, & ;. Expression (10)
(as it should be) coincides with (8) and the projector II;, on the completely anti-
symmetric one-dimensional subspace in H? is

oo = tootbge = S5 (12)
Analogously, denote projectors on basis states (11) as
Iy = Y]y = L ieT; (13)
o = 1o¥iy = %(%@/’2 + Vo)) (V3Y] + ¥13); (14)
I =091 = Yoty Psibs. (15)

3.3. Mathematical remarks

Let us now make some mathematical remarks about algebras O that are obtained
from the category of tensor degrees of a finite-dimensional Hilbert space and have the
same mathematical structure as the Doplicher—Roberts C'*-algebra (9,,.7

Tensor degrees® H" (r=0,1,2,...) of the canonical Hilbert space H, in general,
form a subcategory in the category of Hilbert spaces hilb, where morphisms between

¢The summation of isospins of two particles with 7' = 1/2 leads to the full isospin either with 7" = 0 or with
T =1 and T, =1,0,—1, therefore, in this case, for convenience, we use double subscripts for isometric
operators.

dWe consider the case of d = 2.
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degrees H* and H" are maps in form (7). Objects in this subcategory form G-mod-
ules, where there act continuous unitary representations of the group SU(2) that
form the monoidal category rep(G) of tensor degrees of the irreducible representa-
tion 7 of the compact group SU(2). Its objects are

Objrep(G) = {1, m, w2, 7%, ..., 7" ...,w% ...},

where m®@m=72,...; r,s € N,. Morphisms in this category are intertwining
operators of such representations. Correspondingly, in this case, morphisms are
G-module homomorphisms (H7, H7)q. This structure allows us to define the sub-
algebra 'O C%0, of the Cuntz algebra as follows. Taking into account (3) and (7),
we can easily make sure that (H 5, H ) g— S (H T, HTH) is an injective map of
morphisms. Therefore, the inductive limit of the sequence

(’H% HTT+I€)G4’®1(H%+1 H%+1+k)G4)®1 L. ~>®1(’H;+” H?—"*—k)G*}@l .
with fixed k£ defines some Banach space 0(9’5 (the composition of morphisms is
defined here in a natural way). Then the summation over all k gives the Z-graded
C*-algebra 0y = ®) ;0% with a nontrivial endomorphism in the form
Oy = d=2 i X7, X € Ogpg), acting in it. The closure of this algebra 90 leads to
the subalgebra O of the Cuntz algebra.

Tensor degrees of the endomorphism o4, form a category, namely, the category of
endomorphisms of the algebra of observables; in the Doplicher—Roberts approach,
just they define the superselection structure of the theory. However, one can easily
make sure that morphisms t € (03, 0%) in this category are the same maps in
form (7). One can also easily prove that tensor degrees are reducible and decompose
in the direct sum of irreducible ones. For example, in the case of a tensor square, we
get the decomposition

2
on = onan(X) = 09(X) @ 01 (X), (16)
where
0o(X) = Yoo X5,  01(X) = P X7 + Yo XYig + 01 XY1o1, X € Ogya)-
The symmetry in this category is defined by unitary operators in the form
Hr,s) =H @H" > H QH";
each of these operators corresponds to a concrete permutation

1 2 r r+1 r4+2 --- r+s
s+1 s+2 - s+r 1 2 . s )

With d = 2 and r = s = 1, using formula (5), we get the correlation

2
I(L1) =0 =Y i vy, bh, ¥

i i

= D11 PivT + Y1a s + b Yoyt + Paathids.
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The operator S in this category defines the determinant of a special object'*; in
this model, this object is 0.

Therefore, in our case, from the formal mathematical point of view, descriptions
of sectors both with the help of the category of tensor degrees of the endomorphism
oy and with the help of the category of representations of the group SU(2) are
equivalent.

4. The Quantum Transfer of Isospin States

Basing on the proposed model, let us consider the information transfer with the help
of qubits. A particle with the isospin 7" = 1/2 and its projections T, = £1/2 repre-
sents a two-level quantum system (a qubit). In our model, states of such a particle are
described by the two-dimensional Hilbert space H, whose orthonormal basis is
formed by isometries 1, and 1,. Assume that Alice wants to send some message to
Bob with the help of a pair of particles (two qubits). The Hilbert space of states of
such a system is formed by coherent subspaces (9), where H,, corresponds to the state
with the full isospin T'= 0, and #; does to the state with T'= 1. At the same
time, the projector on H, obeys expression (12), while the projector on the whole
subspace H; is defined by the sum of projectors (13)—(15); we denote it as
II; =11y + Iy + 11, ;. Hence it also follows that IIy, = oy(I) = 13, and 1I; =
o1(I) = 1y,. Here, I is the unit of the Cuntz algebra, 1, and 14, are identical
operators in these subspaces. However, projectors IIy; (i = 1,0,—1) on subspaces
with distinct T, depend on the orientation of the system of coordinates in the isospin
space; in this sense they do not relate to the algebra of observables O, which by
definition represents a pointwise fixed subalgebra with respect to the action of the
group G. Really, the fundamental representation of the group SU(2) that acts on the
Hilbert space H is defined by the unitary unimodular matrix

=% 7)) 17

whose matrix elements are such that |a|? 4 |3|? = 1 and aa + 86 = 1. It is conve-
nient to parameterize these matrix elements as follows:

0
a:cos—exp(iw);
2 2
L 0 P2 — Q1Y |
0 =isin—exp|—i——);
2 2 (18)
a = cosgexp(—iw);
2 2
B = —isingexp(iiw_%).
2 2

Here, @1, p9, 0 are Euler angles such that 0 < ¢; < 27,0 < ¢y < 27,0 < 0 < 7. With
respect to the system of coordinates characterized by Euler angles ¢ = ¢y =6 = 0,
the state that corresponds to the projection 7, = 1 is the basis state 11; = ¥; ® 9.
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With respect to the rotated coordinate system, for this state we get the formula

m(9) (Y1 ® ¥y) = oy — \/5043%0 + B4y,

i.e. it turns into the coherent superposition of basis vectors of the space H; (for
clarity, we preserve the symbol of the tensor product). The projector II;; on the state
1] ® ¥, then takes the form

(g7 (9) = (ad) Ty + 2(e@)(B8) g + (86)°I -1 + a?8%¢1 ¢4
+ @Bt — V2(QPaBbn i, + aPaB i +aBBM v
+aBBM ). (19)
Here, 77 (g) is the conjugate unitary operator.
Assume now that Alice sends information in the symmetric state 1;; prepared in
her coordinate system with the help of the projector I1;;. Since Bob, at the same time,

is not aware of Alice’s system of coordinates, he has to perform the averaging with
respect to the whole group, namely,

iy, = /G (g7 (g)dplg). (20)

Here, du(g) = (1/872)sinfdfdyp,dp, is an invariant Haar measure. For getting an
explicit form of I1;; by formula (20), we have to integrate expression (19); actually,
this implies the integration of coefficients at projectors. For example, in accordance

—

2
with formula (18), for the mean value (ad) we get the correlation

— 1 T . 0 2m 2m 1
a) =— —sin 6df d dps =—.
(aq) o /u cos” o sin /0 ©1 /0 P2 =7

Integrating analogously the rest coeflicients in formula (19) and taking into account
the fact that the averaging of coefficients at projectors that map basis states in H; to
each other gives zero, we get the formula

- 1 1
Iy, = §(H11 + 1y + 11, 4) = §H1-

Now, we can easily prove that [II;;,7(g)] = 0, which means that IT;; belongs to the
algebra of observables Oy. Therefore, the averaging over the group leads to the
decoherence®”: the pure state p = II;; sent by Alice is treated by Bob as a mixed
one p = II;;. We can say that by using two qubits Alice can send to Bob one classical
information bit, following the protocol: with the help of the antisymmetric state (10)
send the information that corresponds to 0 and with the help of any state (11) from the
symmetric subspace also send the information that corresponds to 1 (see item 2.2).
Here Bob performs the projective measurement on antisymmetric and symmetric
subspaces with the help of a superselection operator in the form (see formula (1))

1
G=p <§H1> + pollyo,
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where p; and p, are probabilities defined by frequencies of sent signals encoded by
symmetric and antisymmetric states, correspondingly.

In the case of two particles, the projector Ily; on the antisymmetric subspace is a
scalar value, and with the help of formula (20) one can easily make sure that
gy = M. Therefore, Alice can code messages only with the help of states such that
projectors on them belong to the algebra of observables Ogp(z). Owing to the com-
mutativity of such projectors with elements 7(g), Bob unambiguously recognizes the
received information.

Let us now consider the transfer of the quantum information with the help of three
qubits. In this case, we get an 8-dimensional reducible Hilbert space. It decomposes in
the direct sum of coherent subspaces: 3 = Lin{v; ¢,y 77221 =2M.1 @ ’H% , whose

bases consist of the following tensors:

€1 :%(1/111#27/11 _w2¢1¢1)a
(Pr021hy — ath11hy),

1 (21)
€9 —E

(2919199 — Prbothy — Pothyahy),
ey = —= (V1920 + Yorhy 1Py — 29091911 );

€3 =

sl-3)-
(@) (@)}
_
V]
[\
[E

es = 1y,
€6 = L (Prbothr + hath1t) + 19110),
V3 (23)

€7 = W (V19 %a + Path19a + Pathyihy),

eg = Pothythy.
Here expressions (21) and (22), taking into account the multiplicity, correspond to
the value T = 1/2, while expression (23) does to T' = 3/2. At the same time, the
matrix of the representation 7, ® 71/ ® /o also decomposes in the direct sum of
irreducible representations 27, © m3/5. We can express projectors on these sub-
spaces in terms of unitary operators (5) and isometries (6) with d = 2, i.e. they belong
to the algebra of observables Ogp(y). For example, one can easily make sure that
H% = eje} + eges = SS*. Therefore, with the help of three qubits Alice can send a
message to Bob, adhering to the following protocol: with the help of any state (21)
or (22) send the data that correspond to the sector with T = 1/2 and with the help of
any state (23) from the symmetric subspace also send the data that correspond to the
sector with T' = 3/2. Hence, it follows that the number of classical messages (in this
case, it equals three) that can be coded with the help of three qubits depends on the
number of coherent superselection sectors (taking into account their multiplicities).
One can also easily get an explicit formula for the superselection operator.
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Analogously, for four particles, we get the 16-dimensional state space H* =
Lin{t; 11y, wl}gz%,lzl' However, one can find a basis in it, in which the representation
matrix decomposes in the direct sum 2w, @ 37 @ 7, of irreducible representations,
where the multiplicity of the isosinglet representation equals two, that of the iso-
triplet representation equals three, and the multiplicity of the irreducible represen-
tation that corresponds to the value T'= 2 equals one. Let us give here only the
expressions for basis vectors that correspond to the isosinglet representation, i.e.

1
€1 = §(¢1¢2¢1¢2 — Yrbaathy — Pathrhr s + o), (24)

er = L2 (st = Fvintits — S orvnints — Jriiny

- gttt + bt (25)

One can easily make sure that projectors on these states belong to the algebra of
observables Ogy(). Thus, for example, e;e] = S95*S* and eyel = 1/2(1 +9(1,1)).
In this case, the number of classical messages that can be coded with the help of four
qubits also equals the number of coherent superselection sectors, taking into account
their multiplicitices, i.e. six (2 4+ 3+ 1).

Thus, it is possible to transmit a number of classical messages equal to the number
m of irreducible representations of the isospin group, taking into account their
multiplicity. Therefore, the transfer rate of classical information encoded in the nu-
cleon system is determined by the expression N ~!log,m, where N is the number of
qubits. We consider the following cases: N = 2,3,4. For an arbitrary IV, the deter-
mination of the total number of irreducible representations is reduced to a combi-
natorics problem. The solution of this problem is partially given in Ref. 5 and our
results in this particular case is in full agreement with the results of Ref. 5. But in
general, from a physical point of view, not all coherent sectors have stable config-
urations of nucleons, and in this connection, from our point of view, there are ex-
perimental restrictions. We have discussed these problems in the conclusion.

5. Conclusion

In this paper, we study the formal possibility of the transfer of quantum information
with the help of qubits at the presence of nonabelian isotopical spin superselection
rules on the base of a simple algebraic model proposed by us in Ref. 7. Inspite of the
similarity with the theory of representation groups in finite-dimensional Hilbert
spaces, in our model, finite-dimensional Hilbert subspaces belong to the Cuntz
algebra and form a tensor symmetric category, whose G-module homomorphisms
define an algebra of observables.

In this connection, we focus on the superselection structure of the theory that is
directly determined by the algebra of observables O, with the trivial center CI and a
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subcategory of the category of endomorphisms. This approach allows us to imme-
diately operate with observed values and states defined on the algebra of observables.
Moreover, owing to the Doplicher—Roberts duality theorem, we can extend this ap-
proach to the case of an abstract C'*-algebra of observables; this allows us to calculate
the particle statistics, basing only on the statistics of the superselection sector itself,
regardless of the field algebra.'® The local structure is also defined here in a natural
way, because observables in various superselection sectors mutually commute. In this
regard, the superselection charge refers to the classical (macroscopic) observable,
namely, since it belongs to the center of the algebra of observables, it commutes with
observables in any sector.

Note that the main results obtained here correlate with analogous results estab-
lished in Ref. 5. From the mathematical point of view, we can assume that by
increasing the number of qubits, one can increase the effectiveness of information
transfer, because the increase of their number leads to the increase of the number of
coherent superselection sectors, owing to the increase of their multiplicity.

However, from the point of view of the observability, we can say that correlations
between particles do no necessarily lead to bound states in all coherent superselection
sectors. This can lead to certain experimental constraints. For example, the isospin of
the thoroughly studied two-nucleon system can equal either 7'=0 or T'=1 (the
ordinary spin has the same connection scheme). Correspondingly, these states belong
to two distinct coherent superselection sectors. However, it is known that two
nucleons of total isospin 0, which belong to an antisymmetric subspace, are most
correlated and correspond to the deuteron observed in the experiment. At the same
time, two nucleons in the superselection sector with 7"= 1, which correspond to
symmetric states, can be realized only as unstable formations; they correspond to two
protons, two neutrons, or a symmetric neutron-proton pair. In other words, the
tensor part of the nuclear interaction, which depends on the mutual orientation of
spins of nucleons, has a great intensity only with the minimum isospin.

Analogously, taking into account the isospin superselection, a three-nucleon sys-
tem can form the bound doublet state with the basis (21) and (22) which corresponds
to the minimum isospin of the system 7' = 1/2. These states (e}, e, and e3, e,) of three
nucleons with the isospin T'= 1/2 (tritium and helium-3) are formed with the help
of mixed representations of the symmetric group and are stable. As for states of
three neutrons (3n) and three protons 3p =3Li, they correspond to the symmetric
representation with 7' = 3/2 (basis (23)) and are unstable.”

From the physical point of view, four-nucleon systems are structures in the form
4n, 4p, 1n3p, etc.; among them there also exists the structure that corresponds to the
nucleus of *He, i.e. an a-particle. According to experimental results, the a-particle
has zero spin and isospin. According to our model, there exist two states that

¢From the physical point of view, such an isodoublet corresponds to two mirror nuclei with one proton and
two neutrons (the tritium nucleus, i.e. deuteron + neutron) and with one neutron and two protons (helium-
3, i.e. deuteron+proton).
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correspond to isotopic singlets (24) and (25), which remain pointwise fixed with

respect to the group action. However, the state defined by expression (24) represents
the product of two operators S, which allows us to consider that this state corre-
sponds to the observed a-particle, i.e. a stable structure of a four-nucleon system.
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